The Weyl tensor can be classified according to whether any of these null directions coincide. In general, the null directions are distinct and the Weyl tensor is said to be algebraically general. However, if two or more PNDs coincide then the Weyl tensor is algebraically special. An algebraically special spacetime is one whose Weyl tensor is everywhere algebraically special. The algebraically special property played an important role at several points in the history of black hole physics. The most important non-trivial solution of General Relativity is the Kerr solution. The title of Kerr's paper "Gravitational field of a spinning mass as an example of algebraically special metrics" [1] reveals the motivation for Kerr's work: he was interested in finding new solutions with algebraically special Weyl tensor. Assuming that the metric is algebraically special leads to a simplification of the Einstein equation, which helped Kerr find his solution.
Once the special importance of the Kerr solution came to be appreciated, the question of its classical stability was raised. Answering this question became possible only after Teukolsky exploited the algebraically special property to decouple the equations governing linearized metric perturbations of the Kerr solution and reduce them to a wave equation for a single complex scalar [2] .
Another useful result closely related to the algebraically special property is the separability of the geodesic and Klein-Gordon equations in the Kerr spacetime.
There are other interesting algebraically special spacetimes in 4d. For example, the C-metric, which describes a pair of black holes being accelerated apart by a conical deficit singularity (cosmic string) [3] . Its Weyl tensor is type D, i.e. there are two pairs of coincident PNDs, just like the Kerr solution. It was this property that enabled the rotating generalization of the C-metric to be discovered [4] . The C-metric is relevant also to higherdimensional black holes: analytic continuation of a Kaluza-Klein generalization of the C-metric led to the discovery of black rings [5] . Further examples of interesting algebraically special vacuum spacetimes include pp-waves and the Taub-NUT spacetime.
Given the usefulness of the algebraically special property in 4d, it is natural to ask whether there is an analogous notion in d > 4 dimensions. If so, can it be exploited to solve the Einstein equation? Does it help in the study of perturbations of higher dimensional black holes?
As we shall see, the algebraically special property can indeed be extended to d > 4 dimensions. However, there are several inequivalent ways of doing this. This stems from the fact that there are several different methods for performing the Petrov classification of the Weyl tensor in 4d. These methods look very different but in fact are equivalent. However, when extended to d > 4 dimensions they become inequivalent.
A classification of the Weyl tensor in higher dimensions based on generalizing the notion of PNDs was introduced by Coley, Milson, Pravda and Pravdova (CMPP) [6] . This is the classification which has received most attention so far. We shall review it in section 1.2. Section 1.3 reviews an alternative approach, due to De Smet [7] , based on generalizing the spinorial approach to the 4d classification. It turns out that this works only for the special case d = 5. In general there does not seem to be any simple relation between the CMPP and De Smet approaches. In particular, the De Smet approach does not lead to any notion of preferred null directions. Nevertheless, Myers-Perry black holes [8] are algebraically special with respect to both classifications. Other approaches to defining a notion of "algebraically special" in higher dimensions are discussed in section 1.4.
The emphasis in this chapter will be on applications, particularly using the algebraically special property to construct new solutions of the Einstein equation, or to study perturbations of known solutions. We will consider only solutions of the vacuum Einstein equation, allowing for a cosmological constant.
CMPP classification

The classification
Coley, Milson, Pravda and Pravdova (CMPP) developed a scheme for classifying the Weyl tensor following closely the 4d approach based on principal null directions [6, 9] (see Ref. [10] for an earlier review). Although their approach is basis-independent, it is most easily described by introducing a null basis e 0 ≡ ℓ, e 1 ≡ n, e i ≡ m i (i = 2, . . . d − 1) where ℓ and n are null vectors and m i are orthonormal spacelike vectors, satisfying the scalar products:
Different null bases at a point are related by Lorentz transformations. It is convenient to give names to particular kinds of Lorentz transformation. A boost is defined by
with λ a scalar. A spin is a rotation of the spatial basis vectors:
where X ij is an orthogonal matrix. A null rotation about ℓ with parameters z i is defined by
Together these three special types of transformation generate the full Lorentz group. A tensor component has boost weight b if it scales as λ b under a boost. For example, consider the Weyl tensor components
hence components C 0i0j have b = 2. In general, for a tensor with only "downstairs" indices, b is the number of 0 indices minus the number of 1 indices. The symmetries of the Weyl tensor imply that it has components with b ranging from −2 to 2. We say that the vector field ℓ is a Weyl aligned null direction (WAND) iff the b = 2 components of the Weyl tensor vanish. This definition is independent of how the other basis vectors are chosen. Indeed it is equivalent to the condition (1.1). Hence, for d = 4, a WAND is the same as a principal null direction.
One reason for employing different terminology when d > 4 (i.e. "WAND" rather than principal null direction) is that WANDs behave rather differently when d > 4. When d = 4, there are 4 solutions to (1.1) (although some may coincide). However, for d > 4, this equation may admit no solutions, finitely many solutions, or even a continuous family of solutions. For example, the static Kaluza-Klein bubble (the product of a flat time direction with the Euclidean Schwarzschild solution) admits no WAND [11] . The Schwarzschild solution admits two WANDs. In the product spacetime dS 3 × S 2 , any null vector field tangent to dS 3 is a WAND so there is a continuous family [11] .
In 4d, a spacetime is said to be algebraically special if it admits everywhere a repeated principal null direction (i.e. two or more null directions coincide). The higher dimensional analogue of this is a multiple WAND. We say that the null vector field ℓ is a multiple WAND if all b = 2, 1 Weyl components vanish. Once again, this is a basis-independent statement. We define a spacetime to be algebraically special if it admits (everywhere) a multiple WAND. 1 The algebraic type of the Weyl tensor is defined by the following This classification, based only on the vector ℓ is the so-called primary classification. One can now ask, given an ℓ defined by the primary classification, whether one can choose n to be a WAND or a multiple WAND, corresponding respectively to the vanishing of the b = −2 or b = −2, −1 Weyl components. This leads to a more refined secondary classification. For 1 Given that a spacetime might not admit even a WAND, CMPP defined a higher dimensional spacetime to be algebraically special if it admits a WAND (everywhere). However, more recent papers have not maintained this nomenclature for several reasons. First, it leads to tension with standard terminology in 4d. Second, there are examples of analytic spacetimes that admit a WAND in some open subset but not is some other open subset [12, 11] . Third, the existence of a WAND is not sufficiently restrictive to be a useful tool to address the problems discussed in the introduction.
our purposes, we shall be interested in secondary classification only in the case for which ℓ and n both can be chosen to be multiple WANDs. In this case, the spacetime must be of primary type II (if not conformally flat). Such a spacetime is referred to as a type D spacetime. Note that the algebraic type of a spacetime as defined above agrees with the standard definition when d = 4.
Examples
The 4d Schwarzschild and Kerr solutions are examples of type D spacetimes. Similarly, in d > 4 dimensions, the Myers-Perry solution [8] (and its generalization to include a cosmological constant [13, 14] and NUT charge [15] ) are type D [16, 17] . Black rings are not algebraically special: Ref. [12] found that the singly spinning black ring solution is type I in some region and type G in another region. 2 Consider a warped product spacetime of the form
where g M N is Lorentzian and g AB is Riemannian. Ref [18] [11] . (An expanding KK bubble, given by Wick rotation of the 5d Schwarzschild spacetime [19] is a warped product with a 3d de Sitter factor and hence type D by the above theorem.) 2 This emphasizes that the distinction between type I and type G probably is not useful (simpler examples of this behaviour were given in Ref. [11] ). Given this example, one might wonder whether it is possible for a spacetime to be algebraically special in some open region and algebraically general in another open region. This seems unlikely: in simple examples, the condition for existence of a WAND reduces to an inequality involving the metric components. The type I/G behaviour just discussed corresponds to this inequality being satisfied in some region but not in another. However, the criterion for the existence of a multiple WAND is that certain combinations of metric components should vanish. If this happens in some open region, and the spacetime is analytic, then it must happen everywhere. It would be nice to have a proof of this in general.
Goldberg-Sachs theorem
Probably the most important result concerning 4d algebraically special solutions is the Goldberg-Sachs theorem:
In a vacuum spacetime (allowing for a cosmological constant) that is not conformally flat, a null vector field is a repeated principal null direction if, and only if, it is geodesic and shearfree.
Generalizations of this theorem exist, for example to include a Maxwell field. This theorem plays an important role in using the algebraically special property as a simplifying assumption to solve the Einstein equation. One introduces coordinates (r, x i ) where r is an affine parameter along the null geodesics whose existence is guaranteed by the theorem. Using the algebraically special property and the Einstein equation, one can determine the full dependence of the metric on r [20] . The Einstein equation then reduces to equations governing the dependence on the other 3 coordinates x i . This is a significant reduction in the difficulty of the problem although the reduced equations are still sufficiently complicated that one has to resort to extra assumptions to solve them.
The most spectacular use of the algebraically special property to solve the Einstein equation was Kinnersley's discovery of the most general type D solution [4] . In this case, one has two principal null directions, both obeying the GS theorem and this is sufficiently restrictive that the Einstein equations can be solved explicitly. Kinnersley's result provides significant motivation for the study of higher-dimensional algebraically special solutions. If we want to emulate his work then the first step is to generalize the Goldberg-Sachs theorem.
The GS theorem as stated above does not extend to higher dimensions. There are simple examples of spacetimes which admit non-geodesic multiple WANDs (e.g. dS 3 × S 2 : any null vector field tangent to dS 3 is a multiple WAND irrespective of whether or not it is geodesic) and spacetimes which admit geodesic but shearing multiple WANDs (e.g. a 5d black string: the multiple WAND is a repeated PND of the 4d Schwarzschild spacetime; this expands isotropically in the Schwarzschild directions but not the string direction hence it is shearing). Nevertheless, it is clear that there are strong restrictions on the optical properties of a multiple WAND and understanding precisely what these are is the problem of formulating a higher-dimensional generalization of the GS theorem.
A first step towards such a generalization is to understand how the "geodesic part" of the theorem must be modified in higher dimensions. This has now been completed. For vacuum spacetimes of type III or N, it can be shown that the multiple WAND must be geodesic [21] . For type II (or D), it need not be geodesic. However, in this case, it has been proved that there must exist another multiple WAND which is geodesic [22] . In other words: a vacuum spacetime admits a multiple WAND if, and only if, it admits a geodesic multiple WAND. The dS 3 × S 2 example is the prototype for this behaviour. This result implies that there is no loss of generality in restricting attention to geodesic multiple WANDs.
The next step is to understand the higher-dimensional analogue of the shearfree condition. This has not yet been achieved. However, there has been some partial progress. Recall that the expansion, rotation and shear are defined to be the trace, traceless symmetric part, and antisymmetric part of the matrix
The problem is to determine necessary (and, if possible, sufficient) conditions on ρ ij for ℓ to be a multiple WAND. So far, progress has been made only with the more special algebraic types. For a type N vacuum spacetime, it has been shown [21] that one can choose the spatial basis vectors m i so that ρ ij is zero everywhere except for a 2 × 2 block in the upper left corner of the form
Note that this 2 × 2 block has vanishing traceless symmetric part. However, the full (d − 2) × (d − 2) matrix ρ ij is not shearfree except when d = 4. The same result applies for type III spacetimes when d = 5 and also for d > 5 subject to a certain "genericity" assumption [21] . Results have also been obtained for the case of a Kerr-Schild spacetime. Such a spacetime has a metric of the form
where k µ is null with respect to the Minkowski metric η µν (which implies that it is null also with respect to g µν ), and H is a function. This class of spacetimes includes Myers-Perry black holes. Vacuum Kerr-Schild spacetimes are algebraically special for any d ≥ 4, with k µ a geodesic multiple WAND [23] . For these spacetimes, it has been shown that one can choose the basis vectors m i so that ρ ij is block diagonal, with 2 × 2 blocks of the form (1.9) along the diagonal (the parameters a, b can vary from block to block) and zeros elsewhere [23, 24] . These partial results are encouraging evidence that there does exist a simple canonical form for the matrix ρ ij defined by a multiple WAND. This will provide a higher-dimensional generalization of the "only if" part of the Goldberg-Sachs theorem. It is less clear at present whether the "if" part of the theorem also will generalize, in other words whether the canonical form for ρ ij forces ℓ to be a multiple WAND. Some partial results in this direction are known. For example, if ℓ is geodesic with vanishing rotation and shear then it must be a multiple WAND [25, 37] .
Peeling theorem
Some physical motivation for the study of algebraically special solutions in 4d comes from the peeling theorem. Consider a 4d asymptotically flat spacetime and a null geodesic that approaches future null infinity. Let ℓ denote the tangent to the geodesic. Then the Weyl tensor along this geodesic can be expanded in inverse powers of the affine parameter r along the geodesic:
where
, in each case with repeated principal null direction ℓ, and C (4) is type I, with principal null direction ℓ. When first discovered, this suggested that the study of algebraically special spacetimes may be valuable for understanding the behaviour of spacetime far from a radiating source. An argument in Ref. [26] suggests that this peeling property may not extend to higher dimensions. If an expansion of the above form does hold (with suitable powers of r) then the leading behaviour of C µνρσ near null infinity is type N. Therefore one would expect that, at large r, ρ ij should have the form appropriate to a type N solution. As discussed above, this is a rank 2 matrix, i.e., it singles out a 2d subspace. However, in the far-field of a general radiating spacetime, one might not expect such a preferred subspace to occur. If this is correct then the leading behaviour cannot be type N. A similar argument excludes type III (at least for d = 5). 3 Of course, this argument does not apply to asymptotically locally flat spacetimes, e.g. Kaluza-Klein asymptotics, for which one would expect ρ ij to be degenerate near infinity. It seems likely that a peeling theorem would exist for spacetimes with boundary conditions appropriate to a KK reduction to 4d.
Finding new solutions
In 4d, the Goldberg-Sachs theorem implies that a repeated PND ℓ is geodesic and shearfree. In the simplest classes of algebraically special solution, the rotation of ℓ also vanishes. This implies that ℓ is orthogonal to a family of null hypersurfaces u = constant. One can introduce coordinates (r, y i ) on these surfaces where r is an affine parameter along the geodesics with tangent ℓ and i = 1, 2. This gives a coordinate chart (u, r, y i ) on spacetime. Since the shear and rotation vanish, ρ ij = (1/2)ρ kk δ ij where ρ kk is the expansion. These spacetimes fall into two classes [20] : Robinson-Trautman spacetimes, for which ρ kk = 0, and Kundt spacetimes for which ρ kk = 0 (and hence ρ ij = 0). In both classes, the vacuum Einstein equation determines fully the r-dependence of the metric, and reduces to nonlinear PDEs for a small number of functions of (u, y i ). The Robinson-Trautman family contains the Schwarzschild solution and the C-metric and certain timedependent generalizations of these spacetimes. The Kundt family describes various generalized gravitational wave solutions.
In d > 4 dimensions, some general properties of vacuum solutions with a hypersurface orthogonal (geodesic) multiple WAND were investigated in Ref. [27] . The r-dependence of such solutions was fully determined. As we discussed above, it is no longer true that the shear of the multiple WAND must vanish in general. However, if one makes the assumption that the shear does vanish then one can obtain higher-dimensional generalizations of the Robinson-Trautman and Kundt families of solutions.
The equations governing d > 4 dimensional vacuum Kundt solutions were obtained in Ref. [28] . The Robinson-Trautman case was investigated in Ref. [25] . Perhaps disappointingly, the latter reference discovered that this class of solutions is considerably less rich in d > 4 dimensions; it contains the higher-dimensional Schwarzschild solution but no time-dependent generalizations. Furthermore, there is nothing that could be identified as a higherdimensional C-metric. However, this lack of richness probably occurs because the shear-free condition is too restrictive in higher dimensions: we know that a multiple WAND need not be shear-free.
A promising avenue for future research would be to determine the canonical form for ρ ij for the special case of a hypersurface-orthogonal multiple WAND, which is probably much easier than finding a full higher-dimensional generalization of the Goldberg-Sachs theorem. This could then be used as the starting point for integrating the Einstein equation using the above method.
A different approach is to combine the algebraically special property with the assumption that the metric admits certain symmetries. Ref. [11] investigated the class of axisymmetric metrics, defined as those admitting a SO(d − 2) isometry group with S d−3 orbits. This includes the interesting class of static axisymmetric solutions, with R × SO(d − 2) isometry group. Such solutions would include the solution describing a brane-world black hole in the Randall-Sundrum model, which is thought to be related to a higher-dimensional C-metric. Note that the general static axisymmetric solution of the Einstein equation is not known (except for d = 4 with vanishing cosmological constant). However Ref. [11] showed that if one demands that the metric be algebraically special, as well as axisymmetric (not necessarily static), then the Einstein equation (with cosmological constant) can be solved. Most of the solutions discovered were already known (e.g. generalizations of the Schwarzschild black hole, black string or expanding KK bubble) However, there is one class (corresponding to axisymmetric Kundt solutions) which is less familiar. It is specified by solutions of certain ODEs that cannot be solved analytically. Some spacetimes in this class have AdS/CFT applications, e.g., the gravitational dual of a CFT (vacuum state) in R × S 1 × S 2 [29] or AdS 2 × S 2 [30] .
Perturbations
As discussed in the introduction, a major motivation for trying to exploit the algebraically special property in higher dimensions is the application to the study of linearized gravitational perturbations of black hole spacetimes. In 4d, the Weyl tensor is encoded in the Newman-Penrose scalars Ψ A , A = 0, 1, 2, 3, 4. The algebraically special property has two important consequences for perturbations [2] .
First, choosing the null basis so that ℓ is the repeated PND of the unperturbed spacetime, δΨ 0 (the perturbation of Ψ 0 ) is gauge invariant under both infinitesimal diffeomorphisms and infinitesimal basis transformations. Note that this quantity is a complex scalar and therefore has two degrees of freedom, the same number as the gravitational field in 4d. It is therefore plausible that it captures all information about generic metric perturbations. This is indeed the case: it can be shown that knowledge of the perturbation in Ψ 0 is sufficient to reconstruct the metric perturbation up to the freedom to add a perturbation for which δΨ 0 vanishes [31] . In the Kerr spacetime, it can be shown [32] that the only perturbations for which δΨ 0 = 0 and are regular at the future horizon and decay at infinity are the modes corresponding to infinitesimal changes in the mass and angular momentum of the black hole.
Second, δΨ 0 can be decoupled from the other δΨ A . δΨ 0 satisfies a second order, linear, homogeneous wave equation in the unperturbed spacetime. Remarkably, if one Fourier analyzes this equation, i.e., assumes dependence proportional to exp(−iωt + imφ) then it can be separated, and reduced to ODEs governing the r and θ dependence.
How much of this extends to perturbations of algebraically special vacuum solutions in d > 4 dimensions? Choose a null basis in which ℓ is a multiple WAND and let Ω ij = C 0i0j . This is a traceless symmetric matrix. In 4d it is equivalent to Ψ 0 . Ref. [33] showed that the gauge-invariance properties of δΨ 0 are satisfied also by δΩ ij . Note that this quantity has the same number of degrees of freedom as the linearized gravitational field. The 4d case suggests that knowledge of δΩ ij will be sufficient to determine the metric perturbation, up to the freedom to add a small number of "nongeneric" modes. This remains to be shown. In any case, the fact that δΩ ij is local and gauge invariant should make it useful in any study of perturbations of Myers-Perry black holes.
Ref. [33] analyzed also the conditions under which δΩ ij satisfies a decoupled equation of motion. The result is that the conditions for decoupling in d > 4 dimensions are considerably stronger than in 4d. In 4d, one finds only that the multiple PND should be geodesic and shearfree, which is guaranteed by the Goldberg-Sachs theorem. But for d > 4, one finds that the multiple WAND should be geodesic with vanishing expansion, rotation and shear, i.e., ρ ij = 0. In other words, decoupling of δΩ ij occurs if, and only if, the spacetime is a Kundt spacetime. Unfortunately, black hole spacetimes are not Kundt spacetimes so decoupling does not occur even for the Schwarzschild spacetime in d > 4 dimensions. 4 Although black holes are not Kundt spacetimes, the near-horizon geometry of an extreme black hole is a Kundt spacetime [33] . Therefore one can use the decoupled equation for δΩ ij to study perturbations of near-horizon geometries. This was explored in Ref. [35] .
It is conceivable that there is some other gauge invariant quantity that does decouple, and reduces to δΨ 0 when d = 4. That this might be possible is suggested by results for the Schwarzschild spacetime for which there exist additional local gauge-invariant combinations of Weyl components and connection components (e.g. ρ ij ) [33] . These combinations vanish identically for d = 4. Perhaps it is possible to add such a combination to δΩ ij to obtain a quantity that does satisfy a decoupled equation.
NP and GHP Formalisms
In 4d, the Newman-Penrose (NP) formalism [36] is a convenient framework for performing certain calculations in GR, particularly those involving preferred null directions. Therefore it plays a central role in the study of algebraically special solutions. The idea is simple: the components of any tensor with respect to a null basis are scalars (since they are defined by contraction of the tensor with the basis vectors). Hence by contracting with basis vectors one can reduce tensorial equations, involving covariant derivatives, to scalar equations involving only partial derivatives. A higher-dimensional generalization of the NP formalism has been developed in Refs. [21, 37, 38] . For the special case of d = 5, a spinor based approach was presented in [39] . Often, and especially when studying algebraically special spacetimes, there exist one or more preferred null directions but no preferred spatial directions. The NP formalism has the drawback that it requires a specific choice of spatial basis vectors and does not maintain covariance with respect to spins (i.e. rotations of the spatial basis vectors). Furthermore, it does not maintain covariance with respect to boosts (which rescale the null basis vectors). These deficiencies were remedied in an improved formalism introduced by Geroch, Held and Penrose (GHP) [40] . A higher-dimensional generalization of this formalism was introduced in Ref. [41] .
In the GHP approach, we say that an object T i 1 ...is is a GHP scalar if it transforms with a definite boost weight b under a boost (1.3) and transforms under a spin (1.4) as
(1.12)
We say that such a quantity has spin s. For example, the quantity ρ ij defined by (1.8), encoding the expansion, rotation and shear of ℓ, is a GHP scalar with b = 1 and s = 2. Another important GHP scalar is
which has b = 2 and s = 1. This measures the failure of ℓ to be geodesic: ℓ is geodesic if, and only if, κ i = 0. Not all NP scalars are GHP scalars.
For example the NP scalar ∇ 0 ℓ 1 = n µ ℓ ν ∇ ν ℓ µ transforms inhomogeneously under a boost and therefore is not a GHP scalar. One can introduce derivative operators which map GHP scalars to GHP scalars, and write out components of e.g. the Bianchi identity using these derivatives [41] . The use of this formalism considerably simplifies the analysis of algebraically special solutions, e.g., their perturbations [33] .
De Smet classification
The classification
In 4d, the most straightforward explanation of the Petrov classification makes use of the 2-component spinor formalism. 5 In this approach, the Weyl tensor is equivalent to the Weyl spinor Ψ ABCD , which is totally symmetric in spinor indices. Therefore specifying the Weyl tensor at a point is equivalent to specifying a homogeneous quartic polynomial in two complex variables (w, z):
where ǫ A = (w, z). By the fundamental theorem of algebra, this polynomial can be factorized (e.g. first divide through by w 4 to get a polynomial in z/w) and hence there exist (dual) spinors κ 1 , . . . , κ 4 such that
In 4d, a 2-component spinor defines a null vector via ℓ a =κΓ a κ. Hence κ 1 , . . . κ 4 define 4 null vectors. These are the principal null directions. The Petrov classification is equivalent to classifying the polynomial P by the multiplicity of its factors, e.g., a type N spacetime has a single factor of multiplicity 4 whereas a type D spacetime has two factors of multiplicity 2. The De Smet classification is a 5d generalization of this spinorial approach [7] . However, in contrast with the 4d case, the spinorial classification is not equivalent to the classification based on null directions.
In 5d, one must work with Dirac spinors, which have 4 complex components. One can choose a representation in which C and CΓ a are antisymmetric, and CΓ ab = CΓ [a Γ b] are symmetric. From the Weyl tensor one can define a Weyl spinor
This is manifestly symmetric in AB and in CD and under interchange of AB with CD. In fact it is totally symmetric. De Smet argued this using an "accidental" isomorphism of Spin(1, 4) with a symplectic group. A more direct proof exploits the Fierz identity [42] . Either method works only for d = 5. Just as in 4d, the symmetry of Ψ ABCD implies that it is equivalent to a homogeneous quartic polynomial defined by (1.14). But there is an important difference with the 4d case: ǫ A now has 4 complex components so P is a polynomial in 4 complex variables. No longer can the fundamental theorem of algebra be invoked to reduce it to a product of linear factors. Instead, De Smet proposed that one should attempt to factorize P into lower degree polynomials, and classify the Weyl tensor according to the degree and multiplicity of the factors. For example, if P factorizes into the product of two distinct quadratic polynomials, the Weyl tensor is said to be of type 22. An underline denotes a repeated factor so 22 implies that P is the square of a quadratic polynomial. If P does not factorize then the Weyl tensor is algebraically general, denoted 4. The algebraic type of a spacetime is defined to be the least special type of the Weyl tensor in the spacetime.
Various vacuum spacetimes have been classified according to the De Smet scheme. The Schwarzschild [7] and Myers-Perry [43] solutions are type 22. The Schwarzschild black string is type 22 [7] . Black rings are algebraically general (type 4) [42] .
The Weyl tensor has 35 independent real components whereas a symmetric spinor Ψ ABCD has 35 complex components. Hence the equivalence of these objects implies that Ψ ABCD must satisfy a reality condition worked out in Ref. [42] . This implies restrictions on the possible factorizations of P . For example 1111 is not consistent with the reality condition. 6 Incidentally, this counting of degrees of freedom shows that only for sufficiently small d can the Weyl tensor be equivalent to a valence 4 symmetric spinor, simply because the number of independent components of the latter grows much more rapidly with d than the number of components of the Weyl tensor.
Ref [42] discussed relations between the CMPP and De Smet classifications. It was found that a Weyl tensor belonging to a given CMPP class must belong to a restricted set of possible De Smet classes and vice versa.
Finding new solutions
De Smet's motivation for introducing his classification was that the resulting algebraically special property might assist in solving the Einstein equation. As discussed above, the general static, axisymmetric, vacuum solution is not known for d > 4. However, De Smet showed that if one imposes the additional condition that the spacetime is type 22 or 22 then the general solution can be found [7] , including the case with a cosmological constant [44] . Unfortunately, the list of solutions that results does not contain anything new.
A different approach is to try to determine all vacuum solutions of a given De Smet type. This has been done for the simplest non-trivial type consistent with the reality condition, which is 11 11 [42] . In this case, the Weyl spinor can be written in terms of a single spinor ǫ as Ψ ABCD = ǫ (A ǫ BǭCǭD) . The existence of a globally defined spinor field makes the analysis reminiscent of the analysis of supersymmetric solutions of 5d supergravity performed in Ref. [47] . One defines a real scalar f =ǭǫ, a real vector V a = iǭΓ a ǫ and a real 2-form F ab = iǭΓ ab ǫ. The Fierz identity implies various algebraic relations between these objects, for example that V 2 = −f 2 , so V must be timelike or null. The Weyl tensor can be written as an expression quadratic in f , V and F . The Bianchi identity then imposes differential conditions on these objects. The idea is to exploit these conditions to help solve the Einstein equation (with Λ).
In the case in which V is globally null, the solutions must be Kundt solutions that are type N in the CMPP classification [42] . The more interesting case is when V is timelike. In this case, the solutions are of the form [42] ds 2 = −dt 2 +A(t) 2 ds 2 4 where ds 2 4 is a 4d Einstein space of Petrov type 7 (D, O) and A(t) is some simple function of t. This class includes the Kaluza-Klein monopole spacetime [48, 49] .
This example illustrates how spacetimes that are algebraically special in the De Smet scheme admit various globally defined tensor fields in spacetimes. The types of field that arise are different for each De Smet class. Another example is type 22, for which the Weyl tensor can be written entirely in terms of a certain 2-form [42] . The Bianchi identity imposes differential conditions on this 2-form. It will be interesting to see whether these kinds of condition are restrictive enough to enable one to determine the most general solution of the Einstein equation in various De Smet classes.
Other approaches
Bivector classification
The symmetries of the Weyl tensor implies that it can be used to map 2-forms (bivectors) to 2-forms:
If we introduce a basis for 2-forms and denote basis indices with capital letters then we can write this as
In this approach, the idea is to classify the Weyl tensor by bringing the matrix C A B to a canonical form that depends on (but is not fully determined by) its eigenvalues. This was how Petrov performed the classification of the Weyl tensor in 4d.
Use of this method in higher dimensions was discussed in Ref. [50] . The resulting classification that appears to be distinct from the CMPP (and De Smet) classifications.
Hidden symmetries
The subject of hidden symmetries of higher-dimensional black holes has received a lot of attention recently, see Ref. [51] and references therein. In this section we shall discuss only how this topic relates to algebraic classification of the Weyl tensor.
We start with a definition: a conformal Killing-Yano 2-form is a 2-form φ satisfying
for some 3-form τ and 1-form K. If K = 0 then φ is a Killing-Yano 2-form. The remarkable fact that the geodesic equation, Klein-Gordon equation and Dirac equation are all separable in the Kerr spacetime is a consequence of the existence of a Killing-Yano 2-form in this spacetime. Other 4d type D spacetimes, e.g., the C-metric admit a conformal KillingYano 2-form (which leads to separation of variables for null geodesics). In fact, in 4d, the type D property is equivalent to the existence of a nondegenerate conformal Killing-Yano 2-form. This led Ref. [52] to propose that one could take existence of such a 2-form as the higher-dimensional generalization of the type D property. It was shown (subject to an assumption that the eigevalues of φ µ ν are distinct) that this definition implies that the Weyl tensor must be type D in the CMPP classification. I am not aware of any results in the opposite direction.
There has been some progress in using the type D property as defined by Ref. [52] to solve the Einstein equation. This starts from the additional assumption that φ should be closed, i.e. τ = 0 above. (φ is then called a principal conformal Killing-Yano 2-form.) It has been shown [53, 51] that the most general solution of the vacuum Einstein equation that admits such a 2-form is the Myers-Perry solution generalized to include NUT charge and cosmological constant [15] . Of course this was a solution which was already known. It would be interesting to know whether further progress could be made in solving the Einstein equation in the general case for which τ = 0.
Optical structures
The motivation here comes from the Goldberg-Sachs theorem: the starting point is to invent a higher-dimensional generalization of the 4d condition that the spacetime should admit a shear-free null geodesic congruence. We shall refer to such a generalization as an optical structure. Given the existence of such a structure, one can ask what restrictions this imposes on the Weyl tensor.
This approach was adopted in Ref. [54] (see also Ref. [55] ), which proposed that an appropriate structure in d = 2m dimensions is a m-dimensional distribution D of the complexified tangent bundle of spacetime, that is integrable ([D, D] ⊂ D) and totally null (g(V, W ) = 0 for any V, W ∈ D). The intersection D ∩D is then 1-dimensional and consists of real null vectors. It can be shown that these are geodesic. In 4d, this definition is equivalent to the existence of a shear-free null geodesic congruence. Definitions appropriate for odd d were given in Refs. [52, 56] .
Optical structures are relevant for higher-dimensional black holes. Ref. [52] showed that the Myers-Perry-(AdS) solution admits such structures. Indeed, they are closely related to the conformal Killing-Yano tensors that such solutions possess. Black rings also possess an optical structure [56] .
The existence of an optical structure imposes certain restrictions on the Weyl tensor [52, 56] . In order to have a generalization of the Goldberg-Sachs theorem, one might seek necessary and sufficient conditions on the Weyl tensor for the existence of an optical structure. Progress was made for d = 5 in Ref. [56] , which presented conditions on the Weyl tensor sufficient 8 for the existence of an optical structure. It was proposed that these conditions should be adopted as the definition of "algebraically special" for d = 5 and possibly d > 5. (In 5d, this definition is stronger than the CMPP definition [56] .) However, it was observed that black rings are a counterexample to the converse of this result: they admit an optical structure but are not algebraically special.
Outlook
Various approximate techniques point to the existence of large families of new black hole solutions in higher dimensions. If we are to go beyond perturbative methods to construct these solutions then we must either resort to numerics or develop new techniques for solving the Einstein equation analytically. Results in 4d suggest that exploiting the algebraically special property to simplify the Einstein equation is the most promising technique available for finding new analytic solutions. As discussed above, there are several different notions of "algebraically special" in higher dimensions and therefore, possibly, several different ways of simplifying the Einstein equation. It will be interesting to see what new solutions are discovered by these methods.
